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Abstrat
It is shown that by making use of the Kodama vetor eld, as a preferred time evolution
vetor eld, in spherially symmetri dynamial systems unexpeted simpliations arise. In
partiular, the evolution equations relevant for the ase of a massless salar eld minimally
oupled to gravity are investigated. The simplest form of these equations in the 'anonial
gauge' are known to possess the harater of a mixed rst order ellipti-hyperboli system. The
advantages related to the use of the Kodama vetor eld are two-folded although they show up
simultaneously. First, it is found that the true degrees of freedom separate. Seond, a subset
of the eld equations possessing the form of a rst order symmetri hyperboli system for these
preferred degrees of freedom is singled out. It is also demonstrated, in the appendix, that the
above results generalise straightforwardly to the ase of a generi self-interating salar eld.
1 Introdution
Let us start with a four dimensional spherially symmetri dynamial spaetime. The metri of suh
a spaetime an be given as
ds2 = gABdx
AdxB +R2(dθ2 + sinθ2dφ2), (1.1)
where gAB is a non-singular Lorentzian two-metri, moreover, gAB and R are smooth funtions of
the oordinates xA (the apital Latin indies take the values 1 and 2) exlusively. The Kodama
vetor eld [5℄ (see also [4℄, and also [6℄ for a generalisation to higher dimensional spaetimes) is
dened as
Ka = ǫab∂aR, (1.2)
where ǫab denotes the volume form assoiated with the two-metri gAB. It an be heked by a
straightforward alulation that
∇eKe = 0, (1.3)
moreover, by making use of the Einstein's equations it an also be shown (see for details [5℄) that
Gef∇eKf (1.4)
∗
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does vanish, where Gab denotes the Einstein tensor. This later relation implies that the vetor eld
Ja = GabKb (1.5)
is also divergene free. This means that even though the spaetime might be ompletely dynamial,
i.e. there might be no timelike Killing vetor eld in the underlying setting, Ja is a loally onserved
energy ux vetor eld.
2 Dynamial spaetimes with a massless salar eld
Let us onsider now the partiular ase of a massless salar eld minimally oupled to gravity. The
Einstein equations are given as
Gab = 8πTab (2.1)
with energy-momentum tensor
1
Tab = ∇aψ∇bψ − 1
2
gab∇eψ∇eψ. (2.2)
The eld equation relevant for the salar eld reads as
∇e∇eψ = 0. (2.3)
It follows from (2.1) and (2.2) that
∇aGab = 8π∇bψ(∇e∇eψ) (2.4)
as it should be in onsequene of the dieomorphism invariane of the underlying theory.
Hereafter, we shall use a regular spherial oordinate system (t, r, θ, φ) so that r is hosen to be
the area radial oordinate, i.e. a two-sphere of radius r has proper area
A = 4πr2. (2.5)
Then the anonial form of the line element an be given as
ds2 = −Adt2 + Bdr2 + r2(dθ2 + sinθ2dφ2), (2.6)
where the metri funtions A and B are assumed to be smooth funtions of the oordinates t and
r. Notie that in these oordinates the Kodama vetor eld takes the form
Ka =
1√
AB
(
∂
∂t
)a
. (2.7)
To reognise the intimate relation between the Einstein equations, in partiular whih of them
an be derived from the others it is informative to onsider the divergene
∇aEab = ∇a (Gab − 8πTab) (2.8)
1
Notie that in the partiular ase of the massless salar eld onsidered here ∇a
(
TabK
b
)
does also vanish, as it
should do, whenever all the independent eld equations  inluding (2.3)  are satised.
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of the tensorial expression Eab = Gab−8πTab vanishing of whih implies that the Einstein equations
are satised. Using now the fat that Eab has only four non-zero (algebraially independent) om-
ponents one gets that the only two non identially vanishing omponents  the t and r omponents
 of ∇aEab an be given as
−2AB2r
(
∂
∂t
E tt
)
+ 2B2rEtt
∂
∂t
A+ABrEtr
(
∂
∂r
A
)
+ 2A2Br
(
∂
∂r
Etr
)
−ABrEtt
(
∂
∂t
B
)
−A2rEtr ∂
∂r
B −A2rErr ∂
∂t
B + 4A2B Etr = 0 , (2.9)
2AB2r3
(
∂
∂t
Etr
)
−B2r3Ett ∂
∂r
A−B2r3Etr ∂
∂t
A+ABr3Etr
(
∂
∂t
B
)
−ABr3Err
(
∂
∂r
A
)
− 2A2Br3
(
∂
∂r
Err
)
+ 2A2r3Err
∂
∂r
B − 4A2Br2Err + 4A2B2Eθθ = 0 , (2.10)
respetively.
The standard way of interpretation goes as follows. If one assumes that the eld equations
Err = 0 and Eθθ = 0 are satised one an get by the substitution of these relations to (2.9) and
(2.10) a rst order linear homogeneous system of PDEs relevant for Ett and Etr. This system
possesses the trivial solution for trivial data whih implies that the "onstraints propagate", i.e.
Ett = 0 and Etr = 0 are satised everywhere if they hold on the initial data surfae.
In the present ase there is an other possible way of interpretation of the above relations, as well.
Assume now that the eld equations Ett = 0, Etr = 0 and Err = 0 are satised. The substitution
of these relations to (2.10) implies that the fourth Einstein equation follows from the others, i.e.
Eθθ = 0 is automatially satised.
Sine the other relation (2.9) has not been used here there has remained a further possible
simpliation between the Einstein equations Ett = 0, Etr = 0 and Err = 0. To determine it assume
now that only the eld equations Ett = 0 and Err = 0 are satised everywhere. The substitution of
these relations into (2.9) yields then
ABrEtr
(
∂
∂r
A
)
+ 2A2Br
(
∂
∂r
Etr
)
−A2rEtr ∂
∂r
B + 4A2B Etr = 0, (2.11)
whih is a linear PDE for Etr and an be onsidered as ODEs for Etr on eah of the time level
surfaes. These equations possesses the trivial solution, i.e. Etr = 0 is also satised everywhere,
whenever Etr = 0 is satised at the entre.
By ombining the above two statements one an onlude, as it was done by Choptuik [2℄ (see
also [3℄), that all of the algebraially independent Einstein equations are satised whenever Ett = 0
and Err = 0 hold everywhere and, in addition, Etr = 0 is guaranteed to be satised at the entre.
3 The basi struture of the eld equations
By making use of the auxiliary variables
Φ =
∂
∂r
ψ, Π =
√
B
A
∂
∂t
ψ (3.1)
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(2.3) an be given in the form of the following rst-order system
∂
∂t
Φ =
√
A
B
(
r ( ∂
∂r
Π) + Π(1− B))
r
(3.2)
∂
∂t
Π =
√
A
B
(
Φ(1 + B) + r ( ∂
∂r
Φ)
)
r
(3.3)
Moreover, the Einstein equations Ett = 0, Etr = 0 and Err = 0 an be shown to take the form
∂
∂r
B =
B(1 −B)
r
+ 4 π r B
(
Π2 + Φ2
)
(3.4)
∂
∂t
B = 8 π rΦΠ
√
AB (3.5)
∂
∂r
A = −A(1−B)
r
+ 4 π rA
(
Π2 + Φ2
)
. (3.6)
Beause all the variables A,B,Φ and Π appears in the above equations by adapting Choptuik's
approah one ould simply evolve the salar eld aording to the hyperboli equations (3.2) and
(3.3) and solve the ellipti equations (3.4) and (3.6) on eah time level surfae. Aording to the
argument onerning the dependene of the Einstein equations on eah other this method provides
a ompletely satisfatory solution for the full ellipti-hyperboli system of equations provided that
(3.5) is also ensured to be satised at the origin. This later property an easily be guaranteed by the
obvious hoie B = 1 at the entre whih also neessary to avoid the presene of a onial singularity
there. It is a remarkable property of the gauge hoie applied by Choptuik that all the equations
(3.4) - (3.6) onerning the gravitational degrees of freedom are of rst order ones, moreover, two
of these equations, along with the assumption that B = 1 at the entre, determine the funtions A
and B ompletely.
4 The Kodama vetor eld as a time evolution vetor eld
The signiane of the use of the Kodama vetor eld in relation with the above disussed dynamial
problem gets to be transparent upon applying the Kodama vetor eld, as the time evolution vetor
eld, instead of (∂/∂t)a whih was used, e.g., in the above desribed approah of Choptuik. To see
this replae all the time derivatives with respet to the oordinate t by derivatives with respet to
a variable τ in the above given eld equations aording to the rule
∂
∂t
=
√
AB
∂
∂τ
. (4.1)
We an also think of the variable τ as a natural parametrisation of the Kodama vetor eld with
respet to whih it an be given as Ka = (∂/∂τ)a.
We also need to replae the r-derivatives in the above eld equations beause of the simultaneous
hange of the oordinates (t, r) into (τ, ρ) given by the impliit relation
τ = τ(t, r) and ρ = r.
Then for an arbitrary funtion F given originally as a C1 funtion of (t, r) we have the relations
∂
∂ρ
F =
∂
∂r
F +
∂
∂t
F
∂t
∂ρ
, (4.2)
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∂∂τ
F =
∂
∂t
F
∂t
∂τ
, (4.3)
where by (4.1) for the oeient ∂t/∂τ we have
∂t
∂τ
=
1√
AB
(4.4)
but we do not know the other oeient ∂t/∂ρ. In fat, it is not this fator what we really need.
Instead, as it is implied by (4.2) and (4.3)
∂
∂r
F =
∂
∂ρ
F − ∂t
∂ρ
(
∂t
∂τ
)
−1
∂
∂τ
F , (4.5)
whene only the knowledge of the ombined fator C = ∂t
∂ρ
(
∂t
∂τ
)
−1
=
√
AB ∂t
∂ρ
is needed to get the
eld equations relevant for the the introdued new variables. This, however, also means that the
funtion C will expliitly be present in the evolution equations for B,Φ and Π, therefore, we shall
need an evolution equation for C, as well. Suh an equation an be derived as follows. In virtue of
(4.4) we have that
√
AB ∂t
∂τ
= 1 holds. By deriving this relation with respet to ρ we get then that
∂
∂ρ
(√
AB
∂t
∂τ
)
=
∂
∂ρ
(√
AB
) ∂t
∂τ
+
√
AB
(
∂t
∂τ∂ρ
)
=
∂t
∂τ
(
∂
∂ρ
√
AB −
[
∂t
∂ρ
(
∂t
∂τ
)
−1
]
∂
∂τ
√
AB
)
+
∂
∂τ
(√
AB
∂t
∂ρ
)
= 0 , (4.6)
whih in virtue of (4.4), (4.5), (3.4) and (3.6) yields the desired evolution equation for C as
∂
∂τ
C = − 1√
AB
∂
∂r
√
AB = −1
2
[
1
A
∂A
∂r
+
1
B
∂B
∂r
]
= −4 π ρ (Π2 + Φ2) . (4.7)
It an also be seen that the replaements (4.1) and (4.5) yields from equations (3.2), (3.3) and (3.5)
the relations
∂
∂τ
Φ =
B ( ∂
∂ρ
Π) − C ( ∂
∂ρ
Φ)
B2 − C2 +
B(B − 1)Π− C(B + 1)Φ
ρ (B2 − C2) , (4.8)
∂
∂τ
Π =
B ( ∂
∂ρ
Φ)− C ( ∂
∂ρ
Π)
B2 − C2 +
B(B + 1)Φ− C(B − 1)Π
ρ(B2 − C2) , (4.9)
∂
∂τ
B = 8 π ρΦΠ. (4.10)
Notie that the metri variable A does not appear in either of the equations (4.7), (4.8), (4.9) and
(4.10). Moreover, they onsist of a rst order symmetri hyperboli system for whih the initial
value problem is known to be well-posed [1℄. What is even more important is that this system of
evolution equations, along with
∂
∂ρ
lnA− C ∂
∂τ
lnA− (B − 1)
ρ
− 4 π ρ (Φ2 + Π2) = 0 , (4.11)
derived from (3.6), onsist of a omplete system, i.e.
∂
∂ρ
B = 4 π ρ
(
B (Φ2 +Π2) + 2C Π Φ
)− B (B − 1)
ρ
, (4.12)
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derived from (3.4) and Eθθ = 0 are automatially satised whenever (4.7), (4.8), (4.9), (4.10) and
(4.11) hold everywhere, moreover, (4.12) is satised on the initial data surfae. Notie also that
sine the equations (4.7)  (4.10) separates from (4.11) the later one an be solved independently
upon the funtions B,C,Φ and Π are determined.
Thus we solve the Cauhy problem relevant for the hosen dynamial system by speifying rst
initial data for the variables B,C,Φ and Π so that they satisfy the onstraint (4.12). We let then the
system to evolve under the ontrol of the hyperboli equations (4.7), (4.8), (4.9) and (4.10). Finally,
the metri variable A has to be determined by solving the linear PDE (4.11) in terms of the already
known funtions B,C,Φ and Π.
We would like to emphasise that the apparently singular behaviour of equations (4.8), (4.9),
(4.11) and (4.12) at the entre, ρ = 0, is ompensated by the fat that whenever the funtions B
and Φ are smooth they an be given in a neighbourhood of the entre as
B = 1 + βρ2 and Φ = φρ, (4.13)
with β and φ being smooth funtions of τ and ρ.
It is also important to know whether the expression B2 − C2 appearing in the denominators of
(4.8) and (4.9) may vanish anywhere. In this respet we have only the following simple observations.
It seems to be reasonable to have initial data C ≡ 0 on the initial data surfae whih hoie
orresponds to the ase where the t = const and τ = const surfaes oinide at our initial data
surfae. Notie, moreover, that by (4.7) the value of C annot inrease during the evolution so it
will be always non-positive. In addition, we also have by (4.7) and (4.10) that
∂
∂τ
(B + C) = −4π ρ (Π− Φ)2 (4.14)
∂
∂τ
(B − C) = 4π ρ (Π + Φ)2. (4.15)
The seond of these equations implies that B − C will never vanish sine B − C = 1 on the initial
data surfae. However, the rst of these equation does not exlude the vanishing of B + C. It
may happen that B + C vanishes somewhere in the omputation domain. Note, however, that the
vanishing of B + C would orrespond to a oordinate singularity of the metri given in the new
oordinates as
ds2 = − 1
B
dτ2 − 2 C
B
dτdρ+
B2 − C2
B
dρ2 + ρ2(dθ2 + sinθ2dφ2). (4.16)
Suh a break down of the new oordinate system annot, however, our in a neighbourhood of the
entre where, in virtue of (4.7) and (4.10), B + C = 1 holds there identially.
Finally, we would like to emphasise that to get the simple form of the evolution equation (4.7)
 (4.10) for our basi variables B,C,Φ and Π we ould also start with the metri (4.16) and apply
the substitutions
∂
∂ρ
ψ = Φ +
C
B
Π,
∂
∂τ
ψ =
1
B
Π. (4.17)
These later relations an be derived by making use of (3.1) and (4.3)  (4.5). Notie also that in this
setup there is no need to solve any equation for A sine the time evolution of all the basi variables
is governed by (4.7)  (4.10).
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5 Final remarks
The favourable aspets of the use of the Kodama vetor eld in the investigated evolutionary problem
gets apparent if one thinks of the straightforward proess yielded the above simple setup. In fat,
it is very unlikely that whenever one is given the investigated gravity salar eld system, without
making use of the Kodama vetor eld, one would ever hose the gauge in whih the metri possesses
the form (4.16), moreover, one would also apply the substitution (4.17).
It is also important to emphasise that the above desribed proess had immediately provided
a system of rst order symmetri hyperboli evolution equations for the smallest possible number
of variables. The signiane of this point gets to be transparent whenever, in ase of other gauge
hoies, one tries to use the standard tehniques of redution to get a system of rst order PDEs from
seond order ones. It might be surprising but, in general, suh a simple minded proess does not au-
tomatially yield a system of strongly hyperboli evolution equations. Reall that without possessing
this property even the well-posedness of the assoiated evolutionary problem is not guaranteed.
It is also worth mentioning that the main onlusions of the present paper generalise straightfor-
wardly to the ase of self-interating matter elds. In the appendix the evolution equations relevant
for ase of a generi self-interating salar eld, along with the related modiations of the argu-
ment applied above for the massless salar eld an be nd. The time evolution of more ompliated
oupled gravity-matter systems, inluding various non-linearly oupled gauge elds like Yang-Mills
and Higgs elds, will be studied elsewhere.
There is a denite disadvantage of the applied anonial gauge representation, whih is, in fat,
shared by any of the gauge representations using the area radial oordinate. The disadvantage is
that the trapped region annot be represented in an assoiated oordinate domain sine it neessarily
breaks down at the marginally trapped surfaes. In partiular, in ase of the applied gauge hoie
the marginally trapped surfaes an only appear in the limit B = (1− 2m/r)−1 →∞.
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Appendix
Consider now the partiular ase of a self-interating salar eld Ψ, i.e. we shall assume that the
dynamis of Ψ an be derived from a Lagrangian of the form L = ∇eΨ∇eΨ + V (Ψ), where the
potential V is an arbitrary but suiently regular expression depending only on the eld variable Ψ.
For instane, V (Ψ) ould be hosen to be the widely used quadrati potential, V (Ψ) = λ
(
Ψ2 −Ψ2
0
)2
,
with λ,Ψ0 ≥ 0, although as it will be seen below the following argument does not require suh a
limitation in the funtional form of V (Ψ).
The eld equation and the energy-momentum tensor relevant for the above speied generi
system read as
∇e∇eΨ− 1
2
∂V
∂Ψ
= 0, (A.1)
and
Tab = ∇aΨ∇bΨ − 1
2
gab (∇eΨ∇eΨ+ V (Ψ)) . (A.2)
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A diret alulation also justies that the assoiated hanges in equations (4.8), (4.9), (4.11) and
(4.12) an be given as
∂
∂τ
Φ =
B ( ∂
∂ρ
Π) − C( ∂
∂ρ
Φ)
B2 − C2 +
B(B − 1)Π− C(B + 1)Φ
ρ(B2 − C2) +
4πρB(CΦ−BΠ)V + 1
2
BC(∂V
∂Ψ
)
B2 − C2 , (A.3)
∂
∂τ
Π =
B( ∂
∂ρ
Φ)− C( ∂
∂ρ
Π)
B2 − C2 +
B(B + 1)Φ− C(B − 1)Π
ρ(B2 − C2) −
4πρB(BΦ− CΠ)V + 1
2
B2(∂V
∂Ψ
)
B2 − C2 , (A.4)
∂
∂ρ
lnA− C ∂
∂τ
lnA− (B − 1)
ρ
− 4 π ρ (Φ2 + Π2 −B V ) = 0 , (A.5)
∂
∂ρ
B = 4 π ρ
(
B (Φ2 +Π2 + B V ) + 2C Π Φ
)− B (B − 1)
ρ
. (A.6)
Notie rst that the metri variable A does not entered to either of the formerly A-independent
equations. In fat, the most important hange is that not only the derivatives
∂
∂τ
Ψ and ∂
∂ρ
Ψ, given
in terms of Π and Φ, enter to the above eld equations but also the eld Ψ itself via the self-
interation potential V (Ψ). This neessitates, in addition to (4.7), (A.3), (A.4) and (4.10), the use
of the evolution equation
∂
∂τ
Ψ =
Π
B
(A.7)
for Ψ. This equation an be derived from the relations dening Π and that of (4.1), moreover, (A.7)
is also independent of the metri variable A. More importantly, (A.7), (A.3), (A.4), (4.10) and (4.7)
an be seen to possess the form of a rst order symmetri hyperboli system
∂
∂τ
u = Aρ
(
∂
∂ρ
u
)
+ S(u), (A.8)
where the vetor variable u and the symmetri oeient matrix Aρ are given as
u =


Ψ
Π
Φ
B
C

 , and Aρ =


0 0 0 0 0
0 − C
B2−C2
B
B2−C2
0 0
0 B
B2−C2
− C
B2−C2
0 0
0 0 0 0 0
0 0 0 0 0

 , (A.9)
moreover, the vetor expression S(u) stores all the suitably arranged soure terms of equations (A.7),
(A.3), (A.4), (4.10) and (4.7). For suh a system the initial value problem is known to be well-posed.
Moreover, again we have that this system  onsisting of (A.7), (A.3), (A.4), (4.10) and (4.7) , along
with (A.5), omprises a omplete system, i.e. (A.6) and Eθθ = 0 an be derived from them, whenever
(A.7), (A.3), (A.4), (4.10), (4.7) and (A.5) hold everywhere, moreover, (A.6) is satised on the initial
data surfae. Sine, as it was before, (A.7), (A.3), (A.4), (4.10) and (4.7) separate from (A.5) the
later an be solved for the metri variable A independently upon the funtions Ψ,Π,Φ, B and C
have been determined.
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